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ABSTRACT
This paper presents an approach for estimating the performance of positive displacement compressors and
expanders regarding the three sources of irreversibility: valve losses, internal leakage, and heat transfer. Required
input data to the simulation are the fluid properties, geometric data of the device and the operating conditions,
such as suction pressure and density, discharge pressure, and angular speed. Simulation results are the volumetric
and isentropic efficiencies, the state of the fluid during the process, as well as leak flow rates and heat transfer
during the process. Further results are net mass flow rate, power requirement or output as well as the gas forces
and moments acting on the machine. The method has been applied to the piston, symmetric and asymmetric
scroll, rotary piston, rotary vane, and screw mechanisms. The simulation is based on a discretization of the
compression and expansion processes. The discretization error can be bounded by modifying the resolution of the
discretization in an adaptive manner such that irreversible processes do not exceed a certain limit in each step.
Applications for the simulation method beyond estimating the performance of single components are
optimization of the overall cycle performance of transcritical vapor compression cycles using integrated
compressor-expander devices and wear analysis on compressors and expanders. Transcritical cycles—for
instance, cycles using CO2 as refrigerant—have a lower coefficient of performance (COP) and cooling capacity
than subcritical cycles under most operating conditions due to high super-heating and throttling losses. Using a
work-extracting expansion process instead of the isenthalpic throttling process can improve the cycle performance
significantly and may help make CO2 competitive with conventional refrigerants. First-law estimations show
potential improvements of the COP in the order of 40% - 70% and 5% - 15% for the capacity.

NOMENCLATURE
A: Area
Cd: Discharge coefficient
cra: reversible-adiabatic coefficient
H: Enthalpy
h: Heat transfer coefficient, specific enthalpy
m, m& : Mass, mass flow rate
P: Pressure
Q, Q& : Heat, heat transfer rate
R: Gas constant
s: Specific entropy
T: Temperature
U, u: Internal energy, specific internal energy
V: Volume
W: Work

Subscripts:
e: Effective
i, j, k: Time step/pocket index, iteration index
is: reversible, isentropic process
Wall: Property at pocket wall
Superscripts:
D: Discharge line
Leak: Leakage flow
Q: Variable associated with heat transfer
S: Suction line
Valve: Valve flow
*: Intermediate state
Greek variables:
γ : Isentropic expansion coefficient

INTRODUCTION
The compression process in positive displacement machines is based on the reduction of a closed volume
containing a constant amount of fluid mass. The volume of the compression compartment over time can usually
be associated with the rotation angle of a driving shaft. The shape of the curve of the compartment volume over
shaft angle depends on the geometric properties of the device. The expansion process in a positive displacement
machine is analogous to the compression process. In fact, the same geometric properties characterizing the

compression process characterize the process when the device is operated as an expander. Both processes are
affected by three major sources of irreversibility: internal leakage, heat transfer and valve losses. With sufficient
geometric information about the device and boundary conditions, the performance of the compression and
expansion process in the machine can be estimated including the mentioned sources of irreversibility.
The following section gives a brief presentation of the modeling approach. The basic ideas for the simulation
of irreversibilities and the error introduced due to discretization of the process are discussed. Section 3 points out
possible applications for the simulation. Intended applications focus on the potential performance improvement of
transcritical vapor compression cycles with integrated compressor-expander devices while taking into
consideration realistic component efficiencies, and on wear analysis of compressors and expanders. Section 4
summarizes and concludes the article.

MODELING APPROACH
Discretization
The compression/expansion process is broken down into discrete steps, representing finite rotation angles of
the driving shaft. Each step exists for a certain time interval, depending on the rotational speed. At each step,
multiple pockets may exist. In a piston compressor, for instance, only one pocket exists at each time interval. In a
scroll compressor, two separate pockets are formed in the suction process. They exist simultaneously until they
merge near the center of the compressor. After merging, only one pocket exists. At each time interval, a pocket
may communicate via leaks with other pockets. These may be pockets existing at the current, previous, or later
time steps. There may be multiple leak paths connecting pockets via various leak types. In a scroll compressor for
instance, there are two types of leaks, the flank leak and the tip leak. A pocket may communicate with up to five
other pockets as indicated in Figure 1.
For the process simulation, a number of geometric data are required at each time step. These are the pocket
volumes, leak paths, types, and dimensions. For calculation of the gas forces and moments, the projection of the
area of the moving surfaces in the x, y, z directions and the position of the surfaces with respect to the origin of
the coordinate system are required.
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Figure 1: Scroll compressor/expander with leak paths. 1 – 3: tip leak; 4, 5: flank leak
The fluid properties are assumed constant during each time interval. Mass flow and heat transfer rates at each
step are computed from constant driving forces and assumed constant for the duration of one time interval. This
assumption introduces a discretization error, which tends to overestimate the flow rates. In the real process, mass
and heat flow rates reduce the driving forces continuously. In the simulation however, this effect is neglected,
which leads to higher calculated flow rates than in the real process.

Compression/Expansion Step
The state of the fluid in each pocket is computed in two subsequent steps. In the first step, an intermediate
state is computed assuming isentropic compression/expansion of the mass in the previous pocket. The specific
volume of the fluid in the intermediate pocket is given by conservation of mass, assuming zero leak flow rates,
and the volume of the new pocket given by the geometric data. Intensive fluid properties are then given by known
specific entropy and volume, as demonstrated for the intermediate internal energy u *j of the fluid in pocket j:

(

u *j = u s j −1 ,V j m j −1

)

(1)

The final state is obtained by applying leakage and possible valve mass flow rates as well as heat transfer
rates to the fluid. Specific volume and internal energy of the fluid in pocket j are obtained from conservation of
mass and energy including mass flow and heat transfer rates:
m j = m j −1 + m Leak
+ mValve
(2)
j
j

U j = m j ⋅ u j + Q j + H Leak
+ H Valve
j
j
The specific entropy of pocket j, for instance, may then be calculated as
s j = s U j m j ,V j m j

(

)

(3)
(4)

Heat Transfer
During the whole process, the fluid in the device exchanges heat with the pocket walls. At each discrete time
step, the heat transfer may be estimated from the temperature difference between the wall and the fluid at the
intermediate state after isentropic compression/expansion. The heat transfer rate at step j may be calculated from
Q& = h ⋅ A Q ⋅ T
−T*
(5)
j

j

j

(

Wall

j

)

The amount of heat transferred is equal to the heat transfer rate multiplied by the time interval of step j.
Various correlations for the heat transfer coefficient hj are available for different compressor types, e.g. Shiva
Prasad (1998) and Liu & Soedel (1992). In case of a simulation of an expansion process, the heat transfer may be
affected by refrigerant evaporating at the wall. The heat transfer area A Qj is a geometric property of the device. In
the equation above, the wall temperature is assumed constant. Under this assumption, the wall temperature is a
boundary condition to the system, similar to the state of the suction gas and the discharge pressure.

Internal Leakage
With the leak paths and dimensions known from the geometric data and the pressure in pocket j known from
the isentropic compression/expansion, the leak flow rates can be calculated from correlations between pressure
difference and mass flow rate, e.g. Ishii et al. (1996). In order to simplify the computational process and to reduce
the risk of double counting of flow rates, it is helpful to compute only the leakage into pockets with a pressure
nominally lower than in the current pocket (i.e. pockets with a larger volume). To avoid violation of conservation
of mass or energy, leak flow rates are computed from the pressure profile of the previous iteration.

Valve Losses
During the suction and discharge process, mass flows through the suction or discharge port driven by the
pressure difference between the pocket and high- or low-pressure line. The driving pressure difference at step j is
the difference between the intermediate pressure after isentropic compression/expansion and the pressure in the
suction or discharge line P S , D :
m& Valve
= f P S , D − Pj* ,...
(6)
j

(

)

As a simple approximation, the flow may be modeled as adiabatic flow of an ideal gas through an orifice,
shown here for the discharge process:
(γ −1) γ
 * 
 PD 
 Pj  P D
1−  * 
(7)
= −C d Ae 2γ R (γ − 1)

*
P 
 T j*  Pj
j




The effective flow area Ae may be a variable in order to account for valve motion. The mass flow rate leaving
the pocket is negative in accordance with the mass balance in equation (2). The amount of mass entering or
leaving the pocket through the valve during the time step is obtained by multiplying the valve mass flow rate with
the time interval during which pocket j exists.

m& Valve
j

Step Size Adaptation
Care must be taken that small enough time steps are chosen so that the error introduced by assuming constant
flow rates during a time step does not become unacceptably high. If the time steps are too large, the computed
amount of mass leaving the pocket through the discharge valve during a single time step may be larger than the
amount of mass contained in the pocket. This would result in a negative specific volume and cause the simulation
to crash. In order to avoid these problems and to keep the computational effort as small as possible, the time step
size is adapted during the simulation such that flows during a single step do not exceed a certain fraction of the
appropriate extensive property of the fluid in the pocket. This means that the amount of mass and heat flowing
into or out of the pocket during a single time step may not exceed a certain fraction of the mass and internal
energy contained in the pocket at the particular time step.

Algorithm
Figure 2 shows a flow chart of the algorithm of the simulation. The iterative process to determine the leakage
mass flow rates can be interpreted as fixed-point iteration according to the scheme
Leak
Leak
m k = f  m k −1 
(8)


where the bar above the variables indicates a vector and the subscript indicates the iteration number. The method
used to apply valve flow and heat transfer rates can be interpreted as an Euler scheme.
Initial guesses mLeak,
mValve, Q, P etc

Euler scheme to compute
pocket states, mValve, Q, P
Compute mLeak according
to pressure profile
no

Leak

mk

Leak

= m k −1

yes
Compute gas forces
and moments
End

Figure 2: Simulation flow chart

APPLICATION
Compressor and Expander Performance Estimation
The immediate application for the simulation is to study the effect of various operating conditions and design
specifications on the performance of different positive displacement machines. The algorithm can be used, for
instance, to investigate the effect of machining tolerances, i.e. leakage gap sizes, on the volumetric and isentropic
efficiency of positive displacement compressors. In a similar study, the expected performance of different positive
displacement machines when operated as expanders can be estimated. Figure 3 (a) shows a simulation of the
effect of internal leakage on the compression process of CO2 in a piston compressor in a P-V-diagram. Figure 3
(b) is a plot of the reversible-adiabatic coefficient cra of the expansion process of CO2 in a symmetric scroll
compressor for different leakage gap sizes. Losses at the discharge valve are neglected. The wall temperature is

constant at 50˚C. The reversible-adiabatic coefficient for the expansion process is defined as the maximum work
output of the expansion under reversible, adiabatic conditions compared to the work output of the real process.
is
m& hout
− hin
c ra =
(9)
Wreal
with Wreal indicating the work output of the real process and indices in, out the state at expander inlet and outlet,
respectively. For the compression process, the reversible-adiabatic coefficient is the minimum work input to the
compression under reversible, adiabatic conditions compared to the work input in the real process. The reversibleadiabatic coefficient is identical to the isentropic efficiency if there is no heat transfer between wall and fluid.
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Figure 3: P-V-diagram of compression in piston compressor (a);
scroll expander efficiency vs. leakage gap size (b)

Performance Estimation of Integrated Compressor-Expander Devices
In order to achieve maximum performance improvement of vapor compression cycles when using a work
extracting expander instead of an isenthalpic throttling process, it may be beneficial to mount the compressor and
expander on a common shaft. This reduces the mechanical and other parasitic losses to a minimum. However, it
requires that the compressor and expander be operated with identical rotational speeds. In order to save cost,
weight, and space, it may be desirable to use a common shell for the compressor and expander. In this case, the
two devices are additionally coupled through heat transfer. Assuming an adiabatic shell of the integrated
component, the total heat dissipated by the compressor has to be absorbed by the expander. This operating
condition may be modeled by finding the wall temperature, which satisfies the condition
 n

 m

+  Qi 
0 = Qj 
(10)




 j =1  Compressor  i =1  Expander

∑

∑

An identical wall temperature for the compressor and expander implies that the heat is transferred via
conduction through a common wall only. This may readily be modified to simulate other modes of heat transfer.
Convective heat transfer through suction gas in the shell, for instance, may be modeled by introducing heat
transfer coefficients between the compressor or expander wall and the shell fluid.
With the forces acting on the moving surfaces available, the compressor and expander can be designed such
that the forces and moments acting on the common shaft match as closely as possible.

Vapor Compression Cycle Simulation
The simulated isentropic and volumetric efficiency of the compressor and expander components may be used
to estimate the effect of design parameters on the overall performance of vapor compression cycles. In order to
speed up the computational process, it may be beneficial to first generate approximate performance maps of the
devices. Operating points between those contained in the maps can be estimated using appropriate interpolation
schemes, for instance, polynomials based on ARI Standard 540 (1999). In order to account for internal heat
transfer, the third order polynomial used for the interpolation in the ARI Standard needs to be extended by the
wall temperature as an additional operating condition.

The suction and discharge valves of positive displacement expanders cannot be pressure-operated; i.e., they
cannot be reed valves. They have to be either electronically operated or angle-activated. If they open and close at
specific angles of the driving shaft, the expander has a built-in volume ratio. If the valves of the expander in an
integrated compressor/expander component (identical rotational speed for both devices) are angle-operated, the
expander will over- or under-expand in most operating conditions. The cycle simulation can be used to estimate
the expander volume ratio, which results in the optimum seasonal performance of the whole system. The optimum
volume ratio will be affected by the expected machining tolerances of both devices. The built-in volume ratio is
especially significant in transcritical vapor compression cycles, such as cycles with working fluid CO2. If the heat
rejection process takes place in the super-critical region, there exists an optimum high-side pressure for each
operating condition. The optimum pressure, however, may not be achievable if the rotational speed and volume
ratio of the expander is not adjustable. This may reduce the benefit of expanders in transcritical cycles (Heyl,
Quack 2000, Preissner 2001).
The disadvantage of built-in volume ratio and fixed rotational speed may be mitigated if the expansion
process is realized via a work extracting expander and an isenthalpic throttling process in an expansion valve. The
expansion valve may be located in series after the expander or in a bypass line parallel to the expander, as
indicated in Figure 4. Both options allow adjusting the high-side pressure to match the optimum pressure.
However, the performance benefit will still be smaller than with variable rotational speed and volume ratio.
Condenser

Condenser

Expander

Expander

Compressor

Compressor
Valve

Valve
Evaporator

Evaporator

Figure 4: Circuitry for vapor compression cycles with integrated
compressor/expander and additional expansion valve

Wear Analysis
With the gas forces and moments acting on the moving surfaces known at each rotation increment, the effect
of wear on the compressor and expander performance can be studied. It may, for instance, be of interest to study
the effect of wear on the vane in a rotary piston compressor over the lifetime of the device. Due to the different
pressures on both sides of the vane, there is a net force acting on the vane and pushing it against the cylinder at
the low-pressure side of the piston. Together with the force resulting from pressing the vane against the piston, the
wear at the cylinder and vane on the low-pressure side of the device may be studied.

Net gas forces

Wear

Figure 5: Wear analysis on the vane of a rotary piston device

CONCLUSIONS
An algorithm has been developed which provides an estimation of the performance of compression and
expansion processes in positive displacement machines. The simulation includes the effects of internal leakage,
heat transfer and valve losses on the process. Possible applications for the algorithm beyond the estimation of
component performance are detailed studies on the potential improvement of the overall performance of vapor
compression cycles with integrated compressor-expander devices. Of special interest are transcritical vapor
compression cycles because integrated devices with the same rotational speed for the compressor and expander
affect the choice of the optimum high-side pressure of the cycle.
With the gas forces known, the simulation allows studying the forces on the driving shaft of integrated
devices. The compressor and expander components of the integrated device can be designed to achieve optimum
matching of forces and moments. Information about the gas forces also allows detailed wear analysis on various
components of the positive displacement machine.
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